Modal analysis of the self-imaging phenomenon in optical fibers with an annular core
Introduction
Within the scalar diffraction theory, a laterally periodic optical field will produce exact replicas of itself upon propagation, thus possessing spatial periodicity also in the propagation direction. 1 This kind of selfimaging phenomenon is known as the Talbot effect for historical reasons, and it occurs naturally with optical systems that are periodic in Cartesian coordinates, such as with linear diffraction gratings, and approximately also with periodic fields in dielectric slab waveguides. An approximate self-imaging effect can be encountered as well with cylindrical multimode waveguides, 2, 3 and, in particular, with optical fibers having annular-shaped cores. 4 -6 It has been demonstrated that such annular dielectric waveguides can be fabricated with a femtosecond-pulse laser-writing technique, 7 and that their self-imaging ability can be applied in phase locking of a circular array of fiber lasers. 8, 9 Theoretical studies dealing with the self-imaging phenomenon in annular-core fibers have, so far, been restricted to the domain of scalar optics by means of the weakly guiding approximation. 5, 6, 8 In such annular fibers, however, the approximation may not be very accurate, especially if the fiber core is very thin, and it has a large diameter. 10 On the other hand, it is often argued that fibers with exactly these characteristics should be chosen for the self-imaging applications. 4, 5, 8 We apply full-vectorial modal analysis to both smalland large-diameter fibers to determine the effect of the transverse core dimensions on self-imaging properties. In addition to improved accuracy over the weakly guiding approximation, we also take into account the beating effect associated with the propagation of vector modes with only slightly different propagation constants.
In Section 2 we briefly describe the method of obtaining the propagation constants and the modal profiles of the electromagnetic vector modes in an annular-core fiber. Then by arranging the propagation constants appropriately, we describe the Talbot effect with a model similar to that often used with the weakly guiding approximation. The discrepancies from this model are characterized in terms of the standard deviation of modal phases at the Talbot image plane. In Section 3 we present the results of the numerical analysis performed for fibers with different transverse sizes, and finally in Section 4, we draw conclusions from the obtained results.
Properties of the Vector Modes and the Model for Self-Imaging
The propagating vector modes of an annular-core fiber are found by solving Helmholtz's wave equation, 11
where the upper and lower rows stand for the spatial parts of the electric and magnetic fields, E(r) and H(r), respectively, with r ϭ ͑r, , z͒ denoting a point in cylindrical coordinates. The wavenumber is denoted with k ϭ ͞c, where and c are the angular frequency and the speed of light in vacuum, respectively, and n j is used to denote the refractive indices of the core ͑ j ϭ 1͒ and the cladding ͑ j ϭ 2͒ [see Fig. 1(a) ]. The full time-dependent electric and magnetic fields of a mode propagating to the positive z direction are of the form E͑r; t͒ ϭ E͑r, ͒exp͓i͑t Ϫ ␤z͔͒ and H͑r; t͒ ϭ H͑r, ͒exp͓i͑t Ϫ ␤z͔͒, respectively, where t denotes time and ␤ is the propagation constant. To solve the electromagnetic field of a mode, one usually first specifies the longitudinal field components E z and H z , which are then used to derive the transverse components with the help of Maxwell's curl equations. In our annular waveguide, the trial function for the longitudinal electric field component is written as 10
with a similar expression for the magnetic field:
In Eqs. (2) and (3), J l and N l ͑I l and K l ) denote the (modified) Bessel functions of the first and second kinds of order l, respectively. Furthermore, the parameters u and v are given by u ϭ ͑k
, and the parameter is an arbitrary phase angle. Propagation constant ␤ and constants C 1 , . . . , C 8 are determined for each mode by requiring that the tangential components E z , E , H z , and H should be continuous over the core boundaries at r ϭ a and r ϭ b. Such boundary conditions yield a set of eight homogeneous equations, from which the allowed values of ␤ and constants C 1 , . . . , C 8 can be obtained. We note that the formulation described above for finding the modes is a straightforward generalization of the modal theory of standard step-index fibers, 12, 13 when adjusted to the annular geometry. 14, 15 We solve the resulting characteristic equation numerically using the implementation described in our previous work. 10 The propagating modes obtained in this way can be classified as EH l,p and HE l,p modes (or the TE 0,p and TM 0,p modes for l ϭ 0), according to the standard classification. 12 In this nomenclature, index l is the one specified by the trial functions of Eqs. (2) and (3), whereas index p is related to the radial order of the mode. In the self-imaging applications of annular-core fibers, however, it is useful to allow only the lowest-order radial mode ͑p ϭ 1͒ to propagate, since only in such cases can clear self-images usually be observed. 4, 5, 8 This means that the self-imaging fibers typically have a thin core and a small refractiveindex difference n 1 Ϫ n 2 . The latter characteristic allows the vector modes of the fibers to be grouped into approximately linearly polarized LP m,p modes, some of which are illustrated in Fig. 1(b) . The correspondence between the vector modes and the (scalar) LP m,p modes is such that the LP 0,p mode corresponds to the HE 1,p mode, the LP 1,p mode corresponds to a superposition of the HE 2,p mode, and the TE 0,p or the TM 0,p mode, and in general, the LP m,p mode ͑m Ͼ 1͒ corresponds to the superposition of the hybrid modes EH mϪ1,p and HE mϩ1,p . In fact, Fig. 1(b) shows the squared modulus of the electric field of such a superposition, which is obtained by choosing ϭ 0 and real-valued constants for C 1 , . . . , C 8 , yielding a y-polarized superposition field with a sinusoidal azimuthal modulation characteristic of the LP m,1 modes [for l ϭ 0 we obtain the TE 0,1 mode, as E z then evidently equals zero in Eq. (2)].
Even though the propagation constants and the field profiles of the LP m,1 modes could be conveniently obtained by use of the weakly guiding approximation, we are not going to describe the self-imaging phenomenon in terms of the LP m,1 modes in this paper for two reasons. First, one cannot, in general, guarantee the accuracy of such an approximation when the trans- verse geometry of the fiber is varied, 10 especially with the higher-order modes. Second, as the small difference between the propagation constants of the corresponding vector modes would then be completely neglected, one could not obtain any information on the beating effect that will occur when the vector modes propagate. For example, if the propagation constants of the vector modes EH mϪ1,1 and HE mϩ1,1 (the superposition of which corresponds to an LP m,1 mode with m Ͼ 1) are denoted by ␤ Ϫ and ␤ ϩ , respectively, one can associate with the propagation a beat length,
in which the modes acquire a phase difference of 2. Because of this effect, an LP m,1 mode with m Ͼ 0 would lose, and later recover, its uniformly linear polarization state in a periodic fashion during propagation.
The propagation constants of the LP m,1 modes do, however, possess one very useful property for our purposes. Namely, they approximately follow a quadratic dependence on index m in the form 5
where ␤ 0 and ␤ 1 are positive constants. If the dependence given in Eq. (5) were strictly obeyed, the electric and magnetic fields at plane z ϭ 0 would be perfectly imaged to the plane located at the Talbot distance given by
with the phase factor of each mode being equal to exp͑Ϫi␤ 0 z T ͒. We will also use Eqs. (5) and (6) 5), from which an approximation to the Talbot distance z T is obtained by use of Eq. (6). We will quantify the selfimaging capability of a certain fiber with the number obtained by multiplying the propagation distance z T with the standard deviation of the fitted data. The product s ϭ z T will then essentially characterize the standard deviation of the modal phases [in the propagation factors exp͑Ϫi␤z͒] at the propagation distance z ϭ z T . The smaller the value of parameter s, the better are the self-imaging properties in general, i.e., with arbitrary excitation weights of the modes. Additionally, one must make sure that for each m the vector modes fulfill the condition z T Ͻ Ͻ z B so that the beating effect can be neglected.
Numerical Results
Here we present the results of our numerical calculations performed for fibers with four different values of core radius a. We fixed the value of the refractiveindex difference to be equal to n 1 Ϫ n 2 ϭ 0.002, and chose the thickness of the core, d ϭ b Ϫ a, to act as a variable parameter. Parameter d was varied from one fifth of a wavelength, d ϭ ͞5, up to the value where the cutoff of the first mode with the radial index p ϭ 2, i.e., the cutoff of the HE 1,2 mode, was encountered (near d Ϸ 6.5 for the chosen fibers). To obtain unambiguous results, we must require that at least two modes exist in the fiber even with the small values of d. Figure 3 shows the Talbot distances in the fibers obtained from Eqs. (5) and (6) using the least-squares fitting procedure. Also shown is the beat length z B between the second-order modes TE 0,1 and TM 0,1 , which turned out to be the smallest one among the modes of the chosen fibers. In Fig. 3 , the Talbot distance z T is seen to increase with the parameter a, but depend rather weakly on the core thickness, except for very thin fiber cores. There, a jump in the value of z T can be seen whenever new modes (EH mϪ1,1 and HE mϩ1,1 ) are introduced as the core is made thicker. Qualitatively, the Talbot distances obey the dependence z T k Ϸ 16 3 n 1 ͑a͒͞ 2 , an expression that corresponds to the Talbot distance of a scalar field with a one-dimensional period equal to that of the circumference of the fiber ͑Ϸ2a͒, say in the x direction, in a dielectric material. 6, 8 In addition, the condition z T Ͻ Ͻ z B is seen to be well fulfilled with the small fibers ͑a Շ 15͒, whereas with the largediameter fibers, the distances z T and z B can be of the same order for d տ 2. This is important in cases where the self-imaging mostly relies on the secondorder modes (m ϭ 1 in terms of the LP m,1 modes), since the beating related to the numerous higherorder modes available in such large-diameter fibers will not be as significant within the first Talbot distance. However, if one wanted to create multiple self-images of the field at distances z ϭ z T , 2z T , 3z T , . . . , the beating of the higher-order modes would become relevant as well.
Another aspect, which is essential already at the first Talbot distance z ϭ z T , is the accuracy with which the propagation constants follow the quadratic dependence of Eq. (5). Figure 4 shows the behavior of the quantity s ϭ z T , which we choose to represent the accuracy. In this quantity, the jumps due to the new modes emerging as the core thickness is increased can be seen much more clearly than in the value of z T alone in Fig. 3 . The main contribution to the jumps thus comes from the standard deviation , which has a particularly large value when a propagation constant ␤ is only slightly above the cutoff value ␤ ϭ kn 2 . This can also be seen from the examples of Fig. 2 , which correspond to the cases labeled C (lower data) and D (upper data) in Fig. 4 . By averaging over the jumps in Fig. 4 , one could say that parameter s, as a trend, increases with the thickness of the core. Furthermore, as the core radius a is made larger to increase the number of modes available in the imaging for a fixed value of d, the general selfimaging properties tend to deteriorate, i.e., the value of parameter s tends to grow. From Fig. 4 , one can, in particular, note that the self-imaging works very well as long as the fiber supports only the two lowest-order LP m,1 modes ͑s Շ 0.05͒, in which cases condition z T Ͻ Ͻ z B is also satisfied (see Fig. 3) . Unfortunately, the self-imaging properties will not be nearly as good with any larger number of modes.
In Fig. 5 , we give some examples of the selfimaging of the electric field from plane z ϭ 0 to plane z ϭ z T when the guided fiber modes are superposed with equal weights by making the value of the integral ͵͵ |E͑r, ͒| 2 rdrd equal to unity for each mode. We chose ϭ 0 and real values for constants C 1 , . . . , C 8 in Eqs. (2) and (3), so that the individual modes could be grouped to form the approximate LP m,1 modes at plane z ϭ 0, as in Fig. 1(b) . At plane z ϭ 0, this superposition will result in a linearly polarized spot of light at the rim of the annular core. We evaluate the quality of the self-image of such a spot by calculating the overlap integral between the original field and its image as 8 
␥ ϭ N

Ϫ1
͵͵F*͑r, , 0 ͒ · F ͑ r, , z T͒ rdrd, (7) where N is the number of guided modes in the superposition field denoted by F, and the symbols · and ‫ء‬ denote the inner product and complex conjugation, respectively. With this particular superposition, Eq. (7) can be analytically simplified to the form ␥ ϭ N Ϫ1 ͚ exp͑Ϫi␤z T ͒, where the summation is performed over propagation constants ␤ of the modes. The closer the value of the squared modulus |␥| 2 is to unity, the better the self-image will be. Figure 5 shows the intensities of the fields calculated as I͑r, , z͒ ϭ |F͑r, , z͒| 2 . Figure 5 (a) first illustrates that some general features related to the free-space Talbot effect are also present in the annular fiber waveguide. The point corresponding to the parameters here is labeled with A in Fig. 4 . Accordingly, at planes z ϭ z T ͞4 and z ϭ 3z T ͞4, the spatial frequency of the pattern is twice that of the original, whereas at plane z ϭ z T ͞2, an inverted image can be seen. 6, 16 In Fig. 5(b) , we illustrate how the introduction of a new LP m,1 mode (m ϭ 2 in this case) can reduce the quality of the self-image. The corresponding points of Fig. 4 are labeled B (below cutoff), C (just above cutoff), and D (far from cutoff). The squared modulus of the overlap integral |␥| 2 is seen to have a particularly small value when the mode is just above its cutoff. As a last illustration, in Fig. 5(c) we show that the quality of the self-image is reduced when the fiber core is made thicker, as suggested by the trend of parameter s in Fig. 4 . The corresponding points of Fig. 4 are now denoted by E, F, and G. We note here that with the chosen superposition field, we could not obtain decent self-images at distances z ϭ 2z T , 3z t , 4z T , . . . (except when only two LP m,1 modes were present) because of the large value of parameter s. Such images could, however, be obtained by allowing only a small portion of the fiber modes to propagate simultaneously, in which case the beating effect can limit the number of successive self-images.
Conclusions
We have used full-vectorial modal analysis to investigate the self-imaging properties of annular-core optical fibers. The self-imaging capability of a certain fiber was characterized by considering the standard deviation of the modal phases when the modes propagate a length equal to one Talbot distance. Within this approach, the general self-imaging properties could be characterized for an arbitrary superposition of the fiber modes.
Our results show that the vicinity of a modal cutoff deteriorates the self-imaging properties. As a trend, the self-imaging properties were also deteriorated when the number of fiber modes was made higher by increasing either the thickness or the inner radius of the fiber core. In addition, it turned out that the beating of the vector modes started to be significant when the radius of the fiber core exceeded the value of a few tens of optical wavelengths. Our results also confirm that, based on the analogy of considering the fiber as a wrapped-around slab waveguide, one can derive a rather good estimate for the Talbot distance, even with the smallest fibers.
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